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On (h, k, µ, ν)-trichotomy of evolution
operators in Banach spaces
Mihail Megan, Traian Ceauşu, Violeta Crai
Abstract
The paper considers some concepts of trichotomy with different
growth rates for evolution operators in Banach spaces. Connections
between these concepts and characterizations in terms of Lyapunov-
type norms are given.
1 Introduction
In the qualitative theory of evolution equations, exponential dichotomy, es-
sentially introduced by O. Perron in [16] is one of the most important asymp-
totic properties and in last years it was treated from various perspective.
For some of the most relevant early contributions in this area we refer to
the books of J.L. Massera and J.J. Schaffer [11], Ju. L. Dalecki and M.G.
Krein [8] and W.A. Coppel [6]. We also refer to the book of C. Chichone and
Yu. Latushkin [5].
In some situations, particularly in the nonautonomous setting, the con-
cept of uniform exponential dichotomy is too restrictive and it is important to
consider more general behaviors. Two different perspectives can be identify
for to generalize the concept of uniform exponential dichotomy: on one hand
one can define dichotomies that depend on the initial time (and therefore are
nonuniform) and on the other hand one can consider growth rates that are
not necessarily exponential.
The first approach leads to concepts of nonuniform exponential dichotomies
and can be found in the works of L. Barreira and C. Valls [1] and in a dif-
ferent form in the works of P. Preda and M. Megan [20] and M. Megan, L.
Sasu and B. Sasu [13].
The second approach is present in the works of L. Barreira and C. Valls
[2], A.J.G. Bento and C.M. Silva [3] and M. Megan [12].
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A more general dichotomy concept is introduced by M. Pinto in [19] called
(h, k)-dichotomy, where h and k are growth rates. The concept of (h, k)−
dichotomy has a great generality and it permits the construction of similar
notions for systems with dichotomic behaviour which are not described by
the classical theory of J.L. Massera [11].
As a natural generalization of exponential dichotomy (see [2], [7], [9],
[21], [22] and the references therein), exponential trichotomy is one of the
most complex asymptotic properties of dynamical systems arising from the
central manifold theory (see [4]). In the study of the trichotomy the main
idea is to obtain a decomposition of the space at every moment into three
closed subspaces: the stable subspace, the unstable subspace and the central
manifold.
Two concepts of trichotomy have been introduced: the first by R.J. Sacker
and G.L. Sell [21] (called (S,S)-trichotomy) and the second by S. Elaydi and
O. Hayek [9] (called (E,H)-trichotomy).
The existence of exponential trichotomies is a strong requirement and
hence it is of considerable interest to look for more general types of tri-
chotomic behaviors.
In previous studies of uniform and nonuniform trichotomies, the growth
rates are always assumed to be the same type functions. However, the nonuni-
formly hyperbolic dynamical systems vary greatly in forms and none of the
nonuniform trichotomy can well characterize all the nonuniformly dynam-
ics. Thus it is necessary and reasonable to look for more general types of
nonuniform trichotomies.
The present paper considers the general concept of nonuniform (h, k, µ, ν)−
trichotomy, which not only incorporates the existing notions of uniform or
nonuniform trichotomy as special cases, but also allows the different growth
rates in the stable subspace, unstable subspace and the central manifold.
We give characterizations of nonuniform (h, k, µ, ν)− trichotomy using
families of norms equivalent with the initial norm of the states space. Thus
we obtain a characterization of the nonuniform (h, k, µ, ν)−trichotomy in
terms of a certain type of uniform (h, k, µ, ν)−trichotomy.
As an original reference for considering families of norms in the nonuni-
form theory we mention Ya. B. Pesin’s works [17] and [18]. Our characteri-
zations using families of norms are inspired by the work of L. Barreira and
C. Valls [2] where characterizations of nonuniform exponential trichotomy in
terms of Lyapunov functions are given.
2
2 Preliminaries
Let X be a Banach space and B(X) the Banach algebra of all linear and
bounded operators on X. The norms on X and on B(X) will be denoted
by ‖ · ‖. The identity operator on X is denoted by I. We also denote by
∆ = {(t, s) ∈ R2+ : t ≥ s ≥ 0}.
We recall that an application U : ∆→ B(X) is called evolution operator
on X if
(e1) U(t, t) = I, for every t ≥ 0
and
(e2) U(t, t0) = U(t, s)U(s, t0), for all (t, s), (s, t0) ∈ ∆.
Definition 2.1. A map P : R+ → B(X) is called
(i) a family of projectors on X if
P 2(t) = P (t), for every t ≥ 0;
(ii) invariant for the evolution operator U : ∆→ B(X) if
U(t, s)P (s)x = P (t)U(t, s)x,
for all (t, s, x) ∈ ∆×X;
(iii) stronlgy invariant for the evolution operator U : ∆ → B(X) if it is
invariant for U and for all (t, s) ∈ ∆ the restriction of U(t, s) on Range
P (s) is an isomorphism from Range P (s) to Range P (t).
Remark 2.2. It is obvious that if P is strongly invariant for U then it is
also invariant for U . The converse is not valid (see [15]).
Remark 2.3. If the family of projectors P : R+ → B(X) is strongly invariant
for the evolution operator U : ∆ → B(X) then ([10]) there exists a map
V : ∆→ B(X) with the properties:
v1) V (t, s) is an isomorphism from Range P (t) to Range P (s),
v2) U(t, s)V (t, s)P (t)x = P (t)x,
v3) V (t, s)U(t, s)P (s)x = P (s)x,
v4) V (t, t0)P (t) = V (s, t0)V (t, s)P (t),
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v5) V (t, s)P (t) = P (s)V (t, s)P (t),
v6) V (t, t)P (t) = P (t)V (t, t)P (t) = P (t),
for all (t, s), (s, t0) ∈ ∆ and x ∈ X.
Definition 2.4. Let P1, P2, P3 : R → B(X) be three families of projectors
on X. We say that the family P = {P1, P2, P3} is
(i) orthogonal if
o1) P1(t) + P2(t) + P3(t) = I for every t ≥ 0
and
o2) Pi(t)Pj(t) = 0 for all t ≥ 0 and all i, j ∈ {1, 2, 3} with i 6= j;
(ii) compatible with the evolution operator U : ∆→ B(X) if
c1) P1 is invariant for U
and
c2) P2, P3 are strongly invariant for U .
In what follows we shall denote by Vj(t, s) the isomorphism (given by Remark
2.3) from Range Pj(t) to Range Pj(s) and j ∈ {2, 3}, where P = {P2, P2, P3}
is compatible with U.
Definition 2.5. We say that a nondecreasing map h : R+ → [1,∞) is a
growth rate if
lim
t→∞
h(t) =∞.
As particular cases of growth rates we remark:
r1) exponential rates, i.e. h(t) = e
αt with α > 0;
r2) polynomial rates, i.e. h(t) = (t+ 1)
α with α > 0.
Let P = {P1, P2, P3} be an orthogonal family of projectors which is compat-
ible with the evolution operator U : ∆→ B(X) and h, k, µ, ν : R+ → [1,∞)
be four growth rates.
Definition 2.6. We say that the pair (U,P) is (h, k, µ, ν)-trichotomic (and
we denote (h, k, µ, ν)− t) if there exists a nondecreasing function N : R+ →
[1,∞) such that
(ht1) h(t)‖U(t, s)P1(s)x‖ ≤ N(s)h(s)‖P1(s)x‖
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(kt1) k(t)‖P2(s)x‖ ≤ N(t)k(s)‖U(t, s)P2(s)x‖
(µt1) µ(s)‖U(t, s)P3(s)x‖ ≤ N(s)µ(t)‖P3(s)x‖
(νt1) ν(s)‖P3(s)x‖ ≤ N(t)ν(t)‖U(t, s)P3(s)x‖,
for all (t, s, x) ∈ ∆×X.
In particular, if the function N is constant then we obtain the uniform
(h, k, µ, ν)-trichotomy property, denoted by u− (h, k, µ, ν)− t.
Remark 2.7. As important particular cases of (h, k, µ, ν)-trichotomy we
have:
(i) (nonuniform) exponential trichotomy (et) and respectively uniform ex-
ponential trichotomy (uet) when the rates h, k, µ, ν are exponential
rates;
(ii) (nonuniform) polynomial trichotomy (pt) and respectively uniform poly-
nomial trichotomy (upt) when the rates h, k, µ, ν are polynomial rates;
(iii) (nonuniform) (h, k)−dichotomy ((h, k)−d) respectively uniform (h, k)−dichotomy
(u− (h, k)− d) for P3 = 0;
(iv) (nonuniform) exponential dichotomy (ed) and respectively uniform ex-
ponential dichotomy (ued) when P3 = 0 and the rates h, k are expo-
nential rates;
(v) (nonuniform) polynomial dichotomy (p.d.) and respectively uniform
polynomial dichotomy (upd) when P3 = 0 and the rates h, k are poly-
nomial rates;
It is obvious that if the pair (U,P) is u − (h, k, µ, ν) − t then it is also
(h, k, µ, ν) − t In general, the reverse of this statement is not valid, phe-
nomenon illustrated by
Example 2.8. Let U : ∆→ B(X) be the evolution operator defined by
U(t, s) =
u(s)
u(t)
(
h(s)
h(t)
P1(s) +
k(t)
k(s)
P2(s) +
µ(t)
µ(s)
ν(s)
ν(t)
P3(s)
)
(2.1)
where u, h, k, µ, ν : R+ → [1,∞) are growth rates and P1, P2, P3 : R+ →
B(X) are projectors families on X with the properties:
(i) P1(t) + P2(t) + P3(t) = I for every t ≥ 0;
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(ii)
Pi(t)Pj(s) =
{
0 if i 6= j
Pi(s), if i = j,
for all (t, s) ∈ ∆.
(iii) U(t, s)Pi(s) = Pi(t)U(t, s) for all (t, s) ∈ ∆ and all i ∈ {1, 2, 3}.
For example if P1, P2, P3 are constant and orthogonal then the conditions
(i),(ii) and (iii) are satisfied.
We observe that
h(t)‖U(t, s)P1(s)x‖ =
u(s)h(s)
u(t)
‖P1(s)x‖ ≤ u(s)h(s)‖P1(s)x‖
u(t)k(s)‖U(t, s)P2(s)x‖ = u(s)k(s)‖P2(s)x‖ ≥ k(t)‖P2(s)x‖
µ(s)‖U(t, s)P3(s)x‖ =
u(s)µ(t)ν(s)
u(t)ν(t)
‖P3(s)x‖ ≤ u(s)µ(t)‖P3(s)x‖
u(t)ν(t)‖U(t, s)P3(s)x‖ =
u(s)ν(s)µ(t)
µ(s)
‖P3(s)x‖ ≥ ν(s)‖P3(s)x‖
for all (t, s, x) ∈ ∆×X.
Thus the pair (U,P) is (h, k, µ, ν)− t.
If we assume that the pair (U,P) is u− (h, k, µ, ν)− t then there exists a real
constant N ≥ 1 such that
Nu(s) ≥ u(t), for all (t, s) ∈ ∆.
Taking s = 0 we obtain a contradiction.
Remark 2.9. The previous example shows that for all four growth rates
h, k, µ, ν there exits a pair (U,P) which is (h, k, µ, ν) − t and is not u −
(h, k, µ, ν)− t.
In the particular case when P is compatible with U a characterization of
(h, k, µ, ν)− t is given by
Proposition 2.10. If P = {P1, P2, P3} is compatible with the evolution op-
erator U : ∆ → B(X) then the pair (U,P) is (h, k, µ, ν)-trichotomic if and
only if there exists a nondecreasing function N1 : R+ → [1,∞) such that
(ht2) h(t)‖U(t, s)P1(s)x‖ ≤ N1(s)h(s)‖x‖
(kt2) k(t)‖V2(t, s)P2(t)x‖ ≤ N1(t)k(s)‖x‖
(µt2) µ(s)‖U(t, s)P3(s)x‖ ≤ N1(s)µ(t)‖x‖
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(νt2) ν(s)‖V3(t, s)P3(t)x‖ ≤ N1(t)ν(t)‖x‖
for all (t, s, x) ∈ ∆×X, where Vj(t, s) for j ∈ {2, 3} is the isomorphism from
Range Pj(t) to Range Pj(s).
Proof. Necessity. By Remark 2.3 and the Definition 2.6 we obtain
(ht2) h(t)‖U(t, s)P1(s)x‖ ≤ N(s)h(s)‖P1(s)x‖ ≤ N(s)‖P1(s)‖h(s)‖x‖
≤ N1(s)h(s)‖x‖
(kt2) k(t)‖V2(t, s)P2(t)x‖ = k(t)‖P2(s)V2(t, s)P2(t)x‖
≤ N(t)k(s)‖U(t, s)P2(s)V2(t, s)P2(t)x‖
= N(t)k(s)‖P2(t)x‖ ≤ N(t)‖P2(t)‖k(s)‖x‖ ≤ N1(t)k(s)‖x‖
(µt2) µ(s)‖U(t, s)P3(s)x‖ ≤ N(s)µ(t)‖P3(s)x‖ ≤ N(s)‖P3(s)‖µ(t)‖x‖
≤ N1(s)µ(t)‖x‖
(νt2) ν(s)‖V3(t, s)P3(t)x‖ = ν(s)‖P3(s)V3(t, s)P3(t)x‖
≤ N(t)ν(t)‖U(t, s)P3(s)V3(t, s)P3(t)x‖
= N(t)ν(t)‖P3(t)x‖ ≤ N(t)‖P3(t)‖ν(t)‖x‖ ≤ N1(t)ν(t)‖x‖,
for all (t, s, x) ∈ ∆×X, where
N1(t) = sup
s∈[0,t]
N(s)(‖P1(s)‖+ ‖P2(s)‖+ ‖P3(s)‖).
Sufficiency. The implications (ht2) ⇒ (ht1) and (µt2) ⇒ (µt1) result by
replacing x with P1(s)x respectively by P3(s)x.
For the implications (kt2)⇒ (kt1) and (νt2)⇒ (νt1) we have (by Remark
2.3)
k(t)‖P2(s)x‖ = k(t)‖V2(t, s)U(t, s)P2(s)x‖ ≤ N(t)k(s)‖U(t, s)P2(s)x‖
and
ν(s)‖P3(s)x‖ = ν(s)‖V3(t, s)U(t, s)P3(s)x‖ ≤ N(t)ν(t)‖U(t, s)P3(s)x‖,
for all (t, s, x) ∈ ∆×X.
A similar characterization for the u− (h, k, µ, ν)− t concept results under
the hypotheses of boundedness of the projectors P1, P2, P3. A characteriza-
tion with compatible family of projectors without assuming the boundedness
of projectors is given by
Proposition 2.11. If P = {P1, P2, P3} is compatible with the evolution op-
erator U : ∆ → B(X) then the pair (U,P) is uniformly−(h, k, µ, ν)− tri-
chotomic if and only if there exists a constant N ≥ 1 such that
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(uht1) h(t)‖U(t, s)P1(s)x‖ ≤ Nh(s)‖P1(s)x‖
(ukt1) k(t)‖V2(t, s)P2(t)x‖ ≤ Nk(s)‖P2(t)x‖
(uµt1) µ(s)‖U(t, s)P3(s)x‖ ≤ Nµ(t)‖P3(s)x‖
(uνt1) ν(s)‖V3(t, s)P3(t)x‖ ≤ Nν(t)‖P3(t)x‖
for all (t, s, x) ∈ ∆×X, where Vj(t, s) for j ∈ {2, 3} is the isomorphism from
Range Pj(t) to Range Pj(s).
Proof. It is similar to the proof of Proposition 2.10.
3 The main result
In this section we give a characterization of (h, k, µ, ν)−trichotomy in terms
of a certain type of uniform (h, k, µ, ν)−trichotomy using families of norms
equivalent with the norms of X. Firstly we introduce
Definition 3.1. A family N = {‖ · ‖t : t ≥ 0} of norms on the Banach space
X (endowed with the norm ‖ ·‖) is called compatible to the norm ‖ ·‖ if there
exists a nondecreasing map C : R+ → [1,∞) such that
‖x‖ ≤ ‖x‖t ≤ C(t)‖x‖, (3.1)
for all (t, x) ∈ R+ ×X.
Proposition 3.2. If the pair (U,P) is (h, k, µ, ν)−t then the family of norms
N1 = {‖ · ‖t : t ≥ 0} given by
‖x‖t = sup
τ≥t
h(τ)
h(t)
‖U(τ, t)P1(t)x‖+ sup
r≤t
k(t)
k(r)
‖V2(t, r)P2(t)x‖
+ sup
τ≥t
µ(t)
µ(τ)
‖U(τ, t)P3(t)x‖ (3.2)
is compatible with ‖ · ‖.
Proof. For τ = t = r in (3.2) we obtain that
‖x‖t ≥ ‖P1(t)x‖+ ‖P2(t)x‖ + ‖P3(t)x‖ ≥ ‖x‖
for all t ≥ 0.
If the pair (U,P) is (h, k, µ, ν)− t then by Proposition 2.10 there exits a
nondecreasing function N1 : R+ → B(X) such that
‖x‖t ≤ 3N1(t)‖x‖, for all (t, x) ∈ R+ ×X.
Finally we obtain that N1 is compatible with ‖ · ‖.
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Proposition 3.3. If the pair (U,P) is (h, k, µ, ν)−t then the family of norms
N2 = {‖| · ‖|t, t ≥ 0} defined by
‖|x‖|t = sup
τ≥t
h(τ)
h(t)
‖U(τ, t)P1(t)x‖ + sup
r≤t
k(t)
k(r)
‖V2(t, r)P2(t)x‖
+ sup
r≤t
ν(r)
ν(t)
‖V3(t, r)P3(t)x‖ (3.3)
is compatible with ‖ · ‖.
Proof. If the pair (U,P) is (h, k, µ, ν)− t then by Proposition 2.10 there exits
a nondecreasing function N1 : R+ → B(X) such that
‖|x‖|t ≤ 3N1(t)‖x‖, for all (t, x) ∈ R+ ×X.
On the other hand, for τ = t = r in the definition of ‖| · ‖|t we obtain
‖|x‖|t ≥ ‖P1(t)x‖ + ‖P2(t)x‖+ ‖P3(t)x‖ ≥ ‖x‖.
In consequence, by Definition 3.1 it results that the family of norms N2 is
compatible to ‖ · ‖.
The main result of this paper is
Theorem 3.4. If P = {P1, P2, P3} is compatible with the evolution operator
U : ∆ → B(X) then the pair (U,P) is (h, k, µ, ν)-trichotomic if and only if
there exist two families of norms N1 = {‖ · ‖t : t ≥ 0} and N2 = {‖| · ‖|t :
t ≥ 0} compatible with the norm ‖ · ‖ such that the following take place
(ht3) h(t)‖U(t, s)P1(s)x‖t ≤ h(s)‖P1(s)x‖s
(kt3) k(t)‖|V2(t, s)P2(t)x‖|s ≤ k(s)‖|P2(t)x‖|t
(µt3) µ(s)‖U(t, s)P3(s)x‖t ≤ µ(t)‖P3(s)x‖s
(νt3) ν(s)‖|V3(t, s)P3(t)x‖|s ≤ ν(t)‖|P3(t)x|‖t
for all (t, s, x) ∈ ∆×X.
Proof. Necessary. If the pair (U,P) is (h, k, µ, ν)-trichotomic then by Propo-
sitions 3.2 and 3.3 that there exist the families of norms N1 = {‖ · ‖t : t ≥ 0}
and N2 = {‖| · ‖|t : t ≥ 0} compatible with ‖ · ‖.
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(ht1) ⇒ (ht3). We have that
h(t)‖U(t, s)P1(s)x‖t = h(t)‖P1(t)U(t, s)P1(s)x‖t
= h(t) sup
τ≥t
h(τ)
h(t)
‖U(τ, t)P1(t)U(t, s)P1(s)x‖
≤ h(s) sup
τ≥s
h(τ)
h(s)
‖U(τ, s)P1(s)x‖ = h(s)‖P1(s)‖s,
for all (t, s, x) ∈ ∆×X.
(kt2) ⇒ (kt3). If (kt2) holds then
k(t)‖|V2(t, s)P2(t)x‖|s = k(t)‖|P2(s)V2(t, s)P2(t)x‖|s
= k(t) sup
r≤s
k(s)
k(r)
‖V2(s, r)P2(s)V2(t, s)P2(t)x‖
≤ k(s) sup
r≤t
k(t)
k(r)
‖V2(t, r)P2(t)x‖ = k(s)‖|P2(t)‖|t
for all (t, s, x) ∈ ∆×X.
(µt1) ⇒ (µt3). If (U,P) is (h, k, µ, ν)− trichotomic then by (µt1) it re-
sults
µ(s)‖U(t, s)P3(s)x‖t = µ(s)‖P3(t)U(t, s)P3(s)x‖t
= µ(s) sup
τ≥t
µ(t)
µ(τ)
‖U(τ, t)P3(t)U(t, s)P3(s)x‖
= µ(s) sup
τ≥t
µ(t)
µ(τ)
‖U(τ, s)P3(s)x‖ ≤ µ(t) sup
τ≥s
µ(s)
µ(τ)
‖U(τ, s)P3(s)x‖
= µ(t)‖P3(s)x‖s,
for all (t, s, x) ∈ ∆×X.
(νt2) ⇒ (νt3). Using Proposition 3.1 we obtain
ν(s)‖|V3(t, s)P3(t)x‖|s = ν(s)‖|P3(s)V3(t, s)P3(t)x‖|s
= ν(s) sup
r≤s
ν(r)
ν(s)
‖V3(s, r)P3(s)V3(t, s)P3(t)x‖
≤ ν(t) sup
r≤t
ν(r)
ν(t)
‖V3(t, r)P3(t)x‖ = ν(t)‖|P3(t)x‖|t,
for all (t, s, x) ∈ ∆×X.
Sufficiency.We assume that there are two families of norms N1 = {‖ · ‖t :
t ≥ 0} and N2 = {‖| · ‖|t : t ≥ 0} compatible with the norm ‖ · ‖ such that
the inequalities (ht3)−−(νt3) take place. Let (t, s, x) ∈ ∆×X,
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(ht3) ⇒ (ht2). The inequality (ht3) and Definition 3.1 imply that
h(t)‖U(t, s)P1(s)x‖ ≤ ‖U(t, s)P1(s)x‖t ≤ h(s)‖P1(s)x‖s
≤ h(s)C(s)‖P1(s)x‖ ≤ C(s)‖P1(s)‖h(s)‖x‖.
(kt3) ⇒ (kt2). Similarly,
k(t)‖V2(t, s)P2(t)x‖ ≤ k(t)‖|V2(t, s)P2(t)x‖|s ≤ k(s)‖|P2(t)‖|t
≤ k(s)C(t)‖P2(t)x‖ ≤ C(t)‖P2(t)‖k(s)‖x‖.
(µt3) ⇒ (µt2). From Definition 3.1 and inequality (µt3) we have
µ(s)‖U(t, s)P3(s)x‖ ≤ µ(s)‖U(t, s)P3(s)x‖t ≤ µ(t)‖P3(s)x‖s
≤ C(s)µ(t)‖P3(s)x‖ ≤ C(s)‖P3(s)‖µ(t)‖x‖.
(νt3) ⇒ (νt2). Similarly,
ν(s)‖V3(t, s)P3(t)x‖| ≤ ν(s)‖|V3(t, s)P3(s)x‖|s ≤ ν(t)‖|P3(t)x‖|t
≤ C(t)ν(t)‖P3(t)x‖ ≤ C(t)‖P3(t)‖ν(t)‖x‖.
If we denote by
N(t) = sup
s∈[0,t]
C(s)(‖P1(s)‖+ ‖P2(s)‖+ ‖P3(s)‖)
then we obtain that the inequalities (ht2), (kt2), (µt2), (νt2) are satisfied. By
Proposition 2.10 it follows that (U,P) is (h, k, µ, ν)− t.
As a particular case, we obtain a characterization of (nonuniform) expo-
nential trichotomy given by
Corollary 3.5. If P = {P1, P2, P3} is compatible with the evolution operator
U : ∆→ B(X) then the pair (U,P) is exponential trichotomic if and only if
there are four real constants α, β, γ, δ > 0 and two families of norms N1 =
{‖ · ‖t : t ≥ 0} and N2 = {‖| · ‖|t : t ≥ 0} compatible with the norm ‖ · ‖ such
that
(et1) ‖U(t, s)P1(s)x‖t ≤ e−α(t−s)‖P1(s)x‖s
(et2) ‖|V2(t, s)P2(t)x‖|s ≤ e−β(t−s)‖|P2(t)x‖|t
(et3) ‖U(t, s)P3(s)x‖t ≤ eγ(t−s)‖P3(s)x‖s
(et4) ‖|V3(t, s)P3(t)x‖|s ≤ eδ(t−s)‖|P3(t)x‖|t,
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for all (t, s, x) ∈ ∆×X.
Proof. It results from Theorem 3.4 for
h(t) = eαt, k(t) = eβt, ν(t) = eγt, ν(t) = eδt,
with α, β, γ, δ > 0.
If the growth rates are of polynomial type then we obtain a characteriza-
tion of (nonuniform) polynomial trichotomy given by
Corollary 3.6. Let P = {P1, P2, P3} is compatible with the evolution op-
erator U : ∆ → B(X). Then (U,P) is nonuniform polynomial trichotomic
if and only if there exist two families of norms N1 = {‖ · ‖t : t ≥ 0} and
N2 = {‖| · ‖|t : t ≥ 0} compatible with the norm ‖ · ‖ and four real constants
α, β, γ, δ > 0 such that
(pt1) (t+ 1)
α‖U(t, s)P1(s)x‖t ≤ (s+ 1)α‖P1(s)x‖s
(pt2) (t+ 1)
β‖|V2(t, s)P2(t)x‖|s ≤ (s+ 1)β‖|P2(t)x‖|t
(pt3) (s+ 1)
γ‖U(t, s)P3(s)x‖t ≤ (t+ 1)
γ‖P3(s)x‖s
(pt4) (s+ 1)
δ‖|V3(t, s)P3(t)x‖|s ≤ (t+ 1)δ‖|P3(t)x‖|t,
for all (t, s, x) ∈ ∆×X.
Proof. It results from Theorem 3.4 for
h(t) = (t+ 1)α, k(t) = (t+ 1)β, µ(t) = (t+ 1)γ, ν(t) = (t+ 1)δ,
with α, β, γ, δ > 0.
Definition 3.7. A family of normsN = {‖·‖t, t ≥ 0} is uniformly compatible
with the norm ‖ · ‖ if there exits a constant c > 0 such that
‖x‖ ≤ ‖x‖t ≤ c‖x‖, for all (t, x) ∈ R+ ×X. (3.4)
Remark 3.8. From the proofs of Propositions 3.2, 3.3 it results that if the
pair (U,P) is uniformly (h, k, µ, ν)− trichotomic then the families of norms
N1 = {‖ · ‖t : t ≥ 0} and N2 = {‖| · ‖|t : t ≥ 0} (given by (3.2) and (3.3)) are
uniformly compatible with the norm ‖ · ‖.
A characterization of the uniform−(h, k, µ, ν)−trichotomy is given by
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Theorem 3.9. Let P = {P1, P2, P3} be compatible with the evolution opera-
tor U : ∆→ B(X). Then the pair (U,P) is uniformly−(h, k, µ, ν)−trichotomic
if and only if there exist two families of norms N1 = {‖ · ‖t : t ≥ 0} and
N2 = {‖| · ‖|t : t ≥ 0} uniformly compatible with the norm ‖ · ‖ such that the
inequalities (ht3), (kt3), (µt3) and (νt3) are satisfied.
Proof. It results from the proof of Theorem 3.4 (via Proposition 2.11).
Remark 3.10. Similarly as in Corollaries 3.5, 3.6 one can obtain character-
izations for uniform exponential trichotomy respectively uniform polynomial
trichotomy.
Another characterization of the (h, k, µ, ν)−trichotomy is given by
Theorem 3.11. If P = {P1, P2, P3} is compatible with the evolution operator
U : ∆ → B(X) then the pair (U,P) is (h, k, µ, ν)-trichotomic if and only if
there exist two families of norms N1 = {‖ · ‖t, t ≥ 0},N2 = {‖| · ‖|t : t ≥ 0}
compatible with the family of projectors P = {P1, P2, P3} such that
(ht4) h(t)‖U(t, s)P1(s)x‖t ≤ h(s)‖x‖s
(kt4) k(t)‖|V2(t, s)P2(t)x‖|s ≤ k(s)‖|x‖|t
(µt4) µ(s)‖U(t, s)P3(s)x‖t ≤ µ(t)‖x‖s
(νt4) ν(s)‖|V3(t, s)P3(t)x‖|s ≤ ν(t)‖|x|‖|t
for all (t, s, x) ∈ ∆×X.
Proof. Necessity. It results from Theorem 3.4 and inequalities
‖Pi(t)x‖t ≤ ‖x‖t and ‖|Pi(t)x‖|t ≤ ‖|x‖|t,
for all (t, x) ∈ R+ ×X and i = {1, 2, 3}.
Sufficiency. It results replacing x by P1(s)x in (ht4), x by P2(t)x in (kt4),
x by P3(s)x in (µt4) and x by P3(t)x in (νt4).
The variant of the previous theorem for uniform (h, k, µ, ν)−trichotomy
is given by
Theorem 3.12. If P = {P1, P2, P3} is compatible with the evolution operator
U : ∆ → B(X) then the pair (U,P) is uniformly −(h, k, µ, ν)− trichotomic
if and only if there exist two families of norms N1 = {‖ · ‖t : t ≥ 0},N2 =
{‖| · ‖|t : t ≥ 0} uniformly compatible with the family of projectors P =
{P1, P2, P3} such that the inequalities (ht4), (kt4), (µt4) and (νt4) are satisfied.
Proof. It is similar with the proof of Theorem 3.4.
Remark 3.13. If the growth rates are exponential respectively polynomial
then we obtain characterizations for exponential trichotomy, uniform expo-
nential trichotomy and uniform polynomial trichotomy.
13
References
[1] L. Barreira, C. Valls, Stability Nonautonomous Differential Equations,
Lecture Notes in Mathematics, Springer, vol 1926 (2008).
[2] L. Barreira, C. Valls, Lyapunov functions for trichotomies with growth
rates, J.Math.Anal.Appl 2 48(2010), 151-183.
[3] A.J.G. Bento, C.M. Silva, Generalized nonuniform dichotomies and local
stable manifolds, J. Dyn. Diff. Equat., 25 (2013), 1139-1158.
[4] J. Carr, Applications of Central Manifolds Theory, Appl. Math.
Sci.,Springer, vol 35(1981).
[5] C. Chicone, Yu. Latushkin, Evolution Semigroups in Dynamical Sys-
tems and Differential Equations, Math. Surveys and Monographs Amer.
Math. Soc., vol 70(1999).
[6] W.A. Coppel, Dichotomies in Stability Theory, Lecture Notes in Math.
Springer-Verlag, Berlin-New York, 1978.
[7] V. Crai, (h, k)-dichotomy and Lyapunov type norms, Ann. Univ. Vest
Timis, Ser. Mat.-Inf.
[8] Ju.L. Dalecki, M.G. Krein, Stability of Solutions of Differential Equa-
tions in Banach Space, Transl. Math. Monogr., Vol. 43, Amer. Math.
Soc., Providence RI. (1974).
[9] S. Elaydi, O. Hajek, Exponential trichotomy of differential systems, J.
Math. Anal. Appl. 129(1988), 362-374.
[10] N. Lupa, M. Megan, Exponential dichotomies of evolution operators in
Banach Spaces, Monatshefte fur Mathematik 174 (2)( 2014), 265-284.
[11] J. L. Massera, J. J. Schäffer, Linear Differential Equations and Function
Spaces, Pure Appl. Math., Vol. 21, Academic Press, New York-London
(1966).
[12] M. Megan, On (h,k)-dichotomy of evolution operators in Banach spaces,
Dyn. Syst.Appl 5(1996), 189-196.
[13] M. Megan, B. Sasu, A.L. Sasu, On nonuniform exponential dichotomy
of evolution operators in Banach spaces, Integr. Equ. Operators Theory,
44(2002) 71-78.
14
[14] M. Megan, C. Stoica, On uniform exponential trichotomy of evolution
operators in Banach spaces, Integr.Equ.Operator Theory 60 (2008), 499-
506.
[15] C.L. Mihiţ, D.Borlea, M. Megan, On some concepts of (h,k)-splitting
for skew-evolution semiflows in Banach Spaces, Ann. Acad. Rom. Sci.
Ser. Math. Appl.Vol. 9, No. 2/2017.
[16] O. Perron, Die Stabilitatsfrage bei Differentialgleichungen, Math. Z., 32
(1930), 703-728.
[17] Ya. B. Pesin, Families of invariant manifolds corresponding to nonzero
characteristic exponents, Izv. Akad. Nauk SSSR Ser. Mat., 40:6 (1976),
1332-1379.
[18] Ya. B. Pesin, Characteristic Lyapunov exponents and smooth ergodic
theory, Uspekhi Mat. Nauk, 32:4(196) (1977), 55-112.
[19] M. Pinto, Discrete dichotomies, Computers and Mathematics with Ap-
plications, 28 1-3 (1994), 259-270.
[20] P. Preda, M. Megan, Nonuniform dichotomy of evolutionary processes
in Banach spaces, Bull. Austral. Math. Soc. 27(1983), 31-52.
[21] R. J. Sacker, G. R. Sell, Existence of dichotomies and invariant splittings
for linear differential systems. III, Journal of Differential Equations 22
(1976), 497-522.
[22] B. Sasu, A.L. Sasu, Nonlinear criteria for existence of the exponential
trichotomy in infinite dimensional spaces, Nonlinear Analysis Theory,
Methods and Applications, vol 74(2011), 5097-5110.
15
